Massive Fields and the 2D String by Wilkins, Andy
ar
X
iv
:h
ep
-th
/9
80
40
12
v2
  1
2 
Ju
n 
19
98
hep-th/9804012
MASSIVE FIELDS AND THE 2D STRING
Andy Wilkins∗
Department of Physics and Mathematical Physics
University of Adelaide
Adelaide 5005
Australia
(1 April 1998)
The first massive level of closed bosonic string theory is studied. Free-field equations
are derived by imposing Weyl invariance on the world sheet. A two-parameter
solution to the equation of motion and constraints is found in two dimensions with
a flat linear-dilaton background. One-to-one tachyon scattering is studied in this
background. The results support Dhar, Mandal and Wadia’s proposal that 2D
critical string theory corresponds to the c = 1 matrix model in which both sides of
the Fermi sea are excited.
ADP-98-9/M63
∗E-mail: awilkins@physics.adelaide.edu.au
1
1. Introduction
It is well known that the requirement of Weyl and reparameterisation invariance implies constraints
on the spacetime fields of critical string theory (see Green, Schwarz and Witten1 and the references
contained therein). These constraints govern the dynamics of the spacetime fields and so can be used to
predict the outcome of various scattering experiments.
For the bosonic string in an empty flat background, cancellation of the Weyl anomaly implies a critical
dimension of 26, a fact which was first elucidated by Polyakov2. Weyl invariance with a background
graviton field was first studied by Friedan3. One of the achievements of his thesis was the calculation
the graviton’s beta-function to two-loops using a normal coordinate expansion in the partition function.
Setting the beta-function to zero, up to a curl, is equivalent to demanding Weyl invariance. The result
is that the spacetime metric must be Ricci flat (to one loop, up to a curl) in order that the theory
have vanishing Weyl anomaly. Callan et. al 4 found the coupled field equations for all massless fields in
the bosonic string by setting the beta functions equal to zero. Their calculation has since been extended
beyond one loop. The tachyon field can also be added without ruining the renormalisability of the theory.
However, Das and Sathiapalan5 noticed that with the inclusion of the tachyon, there were contributions
to the Weyl anomaly that were invisible to any finite order in the loop-expansion. These contributions
can be obtained by using a weak-field expansion instead of the loop expansion. Since the goal of this
paper is to study tachyon scattering, a weak field expansion will have to be employed.
A popular method of implementing the weak-field expansion is the “Wilson renormalisation group”
approach which was pioneered by Banks and Martinec6 and developed by Hughes et. al7. All the massive
levels of the string are included which makes the theory non-renormalisable. The theory is regulated
with a short-distance cutoff, and scale invariance is imposed by asserting that the couplings must be at
a fixed point of their Wilson renormalisation-group flows. This paper studies the dynamics of the first
massive level within the Wilson renormalisation group framework. The free field equations are obtained
at linear order in the expansion. At the quadratic order, the situation becomes vastly more complicated
as, generically, every field will contribute to every equation of motion. Therefore, it must be assumed
that it is consistent to study a finite subset of string modes by taking the other modes to be higher-order
in this expansion. This point will be returned to when the coupled field equations are derived in Sec. 2.
String theory in two target-space dimensions is both non-trivial and solvable. With a linear dilaton
background there is only one propagating particle, it is massless and is conventionally called the ‘tachyon’.
The higher ‘discrete modes’ are non-propagating. The first such is a blackhole solution for the 2D metric-
dilaton system. Blackhole physics is naturally non-perturbative and thus beyond the reach of the purely
perturbative description of string theory discussed so far. 2D string theory is exciting because it has
a well-known non-perturbative description through its identification with the non-critical c = 1 string.
This non-perturbative description is the double-scaled c = 1 matrix model (see the reviews by Ginsparg
and Moore8 and Polchinski9 and the references therein). In principle then, here is a toy model in which
blackhole evolution and the stringy effects on black holes can be studied.
In the double scaling limit, the c = 1 matrix model consists simply of nonrelativistic, free fermions
living in an inverted harmonic oscillator potential. The Fermi surface lies just below the top of the
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potential. Once an identification between excitations in the matrix model and the spacetime fields is
found, the free-fermion picture can be used to calculate the result of any spacetime scattering experiment.
It has been shown10 that the spacetime tachyons are related through the ‘leg-pole transform’ to the
bosonised fluctuations of the Fermi surface. This identification was made possible by comparing bulk
scattering amplitudes of Louiville field theory11 with small-pulse scattering in the matrix model12. The
leg-pole transform is nonlocal and it gives rise to the spacetime gravitational physics which is absent in
the free-fermion picture. The discrete modes were not identified until relatively recently.
Dhar, Mandal and Wadia13,14 (DMW) considered fluctuations of the Fermi surface on both sides of
the potential. Until their paper, working with both sides of the Fermi sea was deemed unnecessary for
small pulses in the semi-classical region, since tunnelling is a non-perturbative occurrence. However,
considering both sides gave two scalars, the average and the difference of the bosonised fluctuations on
each side of the sea. The authors compared scattering in this model with the effective tachyon-graviton
theory (with a linear dilaton) obtained by imposing Weyl invariance. It was shown that the tachyon was
the leg-pole transform of the average, while the mass of the blackhole was the energy associated with
the difference. They postulated that the other discrete modes corresponded to higher moments of the
difference variable. This could not be checked since the effective theory including the higher modes had
not yet been worked out.
The aim of this paper is to check the proposition of DMW by considering the first massive mode of
the string. Sec. 2 presents the method that is used to impose Weyl invariance of the theory in arbitrary
spacetime dimensions. By way of example, the tachyonic and massless levels are examined. In Sec. 3 the
first massive level at linear order is studied. The non-propagating solution to the equation of motion and
constraints in two dimensions with a flat linear-dilaton background is presented. Finally, the effective
theory of tachyons interacting with the massive background is derived. This is compared with DMW’s
prediction in Sec. 4.
2. Method and an Example
Consider the closed bosonic string theory defined by the partition function
Z =
∫
[dgabdξ]g
Vdiff×Weyl
e−S[ξ
µ,gab] , (1)
where ξµ are a collection of D scalar fields living on the string worldsheet which has the topology of
a sphere and metric gab. Latin letters a, b, . . . = 1, 2 are used to indicate worldsheet indices, while the
spacetime indices will always be denoted by Greek letters, µ = 0, . . . ,D − 1. Worldsheet reparameter-
isation invariance will be kept manifest throughout the calculation, so after fixing the conformal gauge
gab = e
2σδab in two patches on the sphere, the partition function reads
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Z =
∫
[dσ]
VWeyl
{∫
[dDξ]δ exp
(
D − 26
24π
∫
σ✷σ − S[ξ, g]
)}
, (2)
with ✷ = δab∂a∂b. Weyl invariance of the theory means that arbitrary correlation functions 〈
∏
i ξ
µi〉
calculated with the path integral contained in the curly parentheses are be independent of σ. Then the
measure
∫
[dσ]/VWeyl can be set to unity. In the Wilson renormalisation group approach, the equations
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of motion are usually obtained as an operator statement inside the path integral. In contrast, this paper
utilises a source Jµ and explicitly calculates the generating functional
Z[J ] = e
D−26
24π
∫
σ✷σ
∫
[dDξ]e−S[ξ
µ,gab]+
∫
J ·f(ξ) , (3)
by employing a weak-field expansion and using a short-distance cutoff. The coupling
∫
J ·f(ξ) will
be explained soon. This approach is closely related to the one used by Brustein, Nemeschansky and
Yankielowicz15.
2.1. The linearised field equations for the tachyon and the massless fields
There are a number of subtleties inherent in this method and these are most easily illustrated by con-
sidering the familiar scenario of a string living in a background of three massless spacetime fields, the
graviton Gµν , the antisymmetric tensor Bµν and the dilaton Φ, and one tachyonic field T . The action is
given by
S[ξ, σ] =
1
4π
∫
M
(
1
2
√
gGµν(ξ)∂aξ
µ∂bξ
νgab + 12Bµν(ξ)∂aξ
µ∂bξ
νǫab +
√
gRΦ(ξ) +
√
gT (ξ)
)
, (4)
in which string tension α′ has been set to 2 and g = det gab. It is well known from beta-function results
that strings can consistently propagate in a flat linear-dilaton background
Gµν = ηµν , Φ(ξ) = Q·ξ and Bµν = 0 , (5)
where 3Q2 = 26 −D. The weak-field expansion used in this paper is about this background,
Gµν = ηµν + hµν and Φ = Q·ξ + φ , (6)
so that the fields hµν , φ and Bµν are considered to be O(λ) where, formally, λ is a small parameter.
The guiding principle in writing down Eq. (4) is that it should be the most general action with at most
two derivatives that is reparameterisation invariant both on the worldsheet and in spacetime. Therefore,
the term 14π
∫ √
gA˜µD
2ξµ must also be considered. Here D2 is the covariant Laplacian
D2ξµ = gabDa∂bξ
µ = gab
(
∂a∂bξ
µ − Γcab(g)∂cξµ + Γµνλ(G)∂aξν∂bξλ
)
. (7)
The field A˜µ makes no contribution to S-matrix elements since, to O(λ), the on-shell condition is D
2ξµ =
0. In the language of this paper, the equivalent statement is that A˜µ can be soaked up by a field
redefinition of ξµ. This is because
S[ξµ] +
1
4π
∫
A˜µD
2ξµ = S[ξµ − A˜µ(ξ)] + 1
4π
∫ √
gRQµA˜
µ , (8)
to first order in λ. Then, with the definitions
ξ′µ = ξµ − A˜µ(ξ) and φ′ = φ+Q·A˜ , (9)
and the use of the ‘covariant’ measurea
[
dDξ
]
cov
=
[
dDξ
√
det
(
1
2Gµν −∇(µA˜ν)
)]
, (10)
aCovariant measures will be used frequently throughout this work. They need to be covariant under spacetime diffeo-
morphisms, and they must also be local worldsheet scalars.
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the partition function reads
Z =
∫
[dDξ]cove
−S[φ;ξ]− 1
4π
∫
A˜µD2ξµ =
∫ [
dDξ′
√
det 12Gµν(ξ
′)
]
e−S[φ
′;ξ′] , (11)
to O(λ). (In the following calculations the prime on the dilaton will be dropped.) This procedure would
have also worked if ηµν , instead of Gµν , had been used in the covariant measure.
It is also useful to note that A˜µ could have been absorbed directly into the metric since the action is
invariant under the transformations
δA˜µ = Λµ and δGµν = ∇µΛν +∇νΛµ , (12)
where ∇µ is the covariant spacetime derivative. This makes A˜µ look like a ‘Stu¨ckelberg’ field — a field
which is introduced in order that a massive field theory have a gauge invariance. A˜µ is not a Stu¨ckelberg
field in the true sense of the term since Gµν is massless, however. Such fields will be encountered at the
first massive level and their corresponding gauges will be fixed by setting the Stu¨ckelberg fields to zero.
The source Jµ can be coupled to any worldsheet scalar and the theory will remain invariant under
reparameterisations of the worldsheet. All choices will break spacetime reparameterisation invariance so
the equations derived by imposing Weyl invariance will be gauge fixed. Different couplings
∫
J ·f will
correspond to different gauges. The physics of the theory should not depend on the gauge choice, but for
the purposes of this paper it is convenient to choose the source term to be∫
Jµ(ξ
µ − σQµ) . (13)
There are two reasons for this particular form. Firstly, it handles contributions from the linear part of
the dilaton field exactly. Secondly, using the usual coupling
∫
J ·ξ and demanding Weyl-invariance of the
one-point function results in the gauge condition
0 = ∂µΦ+
1
2∂µη
µνhµν − ∂νhµν , (14)
to O(λ). A flat linear-dilaton background is obviously inconsistent with this gauge condition. Of course
this background can be rotated to be compatible with the gauge and, since the other equations of motion
are covariant, S-matrix elements will be unaffected. However, this is an unnecessary nuisance. Eq. (13) is
not really all that exotic since it is well known from spontaneously broken theories that expanding around
different points in configuration space can be advantageous. Using this analogy, the choice
∫
J(ξ + σQ)
is equivalent to expanding around the true vacuum, while the coupling
∫
J ·ξ corresponds to expanding
around the unstable maxima — here there is a non-zero tadpole that runs away into the vacuum.
Completing the square, the generating functional can be written as
Z[J ] = P [σ]
∫ [
dDξ
]
exp
(
− 18π
∫
∂aξ
µ∂aξ
νηµν +
1
4πa0·
(
J0 − 2Q√V
)
− Sint(ξ +X)
)
, (15)
where
P [σ] = exp
(
1
2
∫
J∆J −
(
Q2 + D−263
)
1
8π
∫
σ✷σ
)
, (16)
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aµ0 and J
µ
0 are the zeromodes of ξ
µ and Jµ/
√
g respectively (so the term a0·(J0+2Q/
√
V ) simply ensures
momentum conservation) and Sint is the action of Eq. (4) with Gµν and Φ replaced by the small fields
hµν and φ respectively. The ‘background field’ X is given by
Xµ ≡ Xµ0 +Qµσ ≡
∫
∆Jµ +Qµσ , (17)
and the propagator ∆ satisfies
−✷ 14π∆(z, z′) = δ(z − z′)− V −1e2σ , (18)
where V is the volume of the worldsheet.
Performing a weak field expansion of exp(−Sint) and utilising the Fourier transform reduces the prob-
lem to Gaussian integrals. These integrals are regulated using a short-distance cutoff ǫ. The unregulated
propagator, in stereographic coordinates on a sphere with constant curvature, is
∆(z, w) = − log
(
|z − w|2
(1 + zz¯)(1 + ww¯)
)
. (19)
The denominator in the logarithm accounts for the zeromode on the sphere. The zeromode enforces
momentum conservation but seems to play no other role in the calculations. To keep the theory repa-
rameterisation invariant, the regularised propagator must satisfy16,17
∆ǫ(z, z) =
(
2σ(z) − log ǫ2
)
+O(ǫ2) ,
∂
∂za
∆ǫ(z, z
′)
∣∣∣∣
z′=z
= ∂aσ(z) +O(ǫ
2) . (20)
Finally, the symmetry that allows the absorption of A˜µ into the graviton in Eq. (12) can be made to
persist at the quantum level (to O(λ)) if the regularised propagator satisfies the Leibnitz-like relation
Dza
([
OzO
′
z′∆ǫ(z, z
′)
]∣∣
z=z′
)
=
[
Dza
(
OzO
′
z′∆ǫ(z, z
′)
)]∣∣
z=z′ +
[
OzDz′a
(
O′z′∆ǫ(z, z
′)
)]∣∣
z=z′ , (21)
where Oz is a linear function of Dz and O
′
z′ a linear function of Dz′ . This can be seen to be necessary by
directly calculating the path integral to O(λ) with A˜µ included. At the first massive level, the Stu¨ckelberg
fields may be absorbed if Eq. (21) holds for quadratic O and O′.
Performing the weak-field expansion to O(λ) and using the flat measure [dDξ], the path integral yields
Z[J ] = P [σ]
(
1
V
det ′
✷
4π
)−12D {
δD(pµ)− 1
4π
∫
d2zeipXe−
1
2 p
2∆ǫ(z,z)
×
[
ǫ−2e2σT (p) +✷σφ(p) +12
(
∂aX
µ∂bX
ν + 2ipµ
∂
∂za1
∆ǫ(z, z1)∂bX
ν
)∣∣∣∣
z1=z
ǫabBµν(p)
+12
(
∂aX
µ∂aX
ν + 2ipµ
∂
∂za1
∆ǫ(z, z1)∂aX
ν + ηµν
∂
∂za1
∂
∂za2
∆ǫ(z1, z2)
− pµpν
(
∂
∂za1
∆ǫ(z, z1)
)2)∣∣∣∣∣
z1=z2=z
hµν(p)
]}
. (22)
In this formula det ′ is the determinant without the zeromode, the tachyon has been scaled by ǫ−2 for
convenience and
pµ + Jµ0
√
V − 2Qµ = 0 . (23)
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Although the source is a worldsheet density, it must not vary under Weyl transformations. Thus pµ is
Weyl neutral and δXµ = Qµδσ, as prescribed by Eq. (17).
The second derivatives of ∆ǫ are not entirely fixed by reparameterisation invariance
17. The most
general form contains the 2 arbitrary numbers γǫ and γ0 and the symmetric traceless matrix
b Tab which
only contains terms with two derivatives
∂za
1
∂zb
2
∆ǫ(z1, z2)
∣∣∣
z1=z2=z
= γǫδabǫ
−2e2σ + 12γ0δab✷σ + Tab +O(ǫ
2) . (24)
On the superficial level this looks disastrous since the equations of motion may depend on the regulari-
sation scheme used through the numbers γǫ and γ0 (Tab drops out of the calculation at this level of the
string). In fact, it is clear that all regularisation dependence can be soaked-up by redefining the dilaton
and the tachyon
φ′(p) = φ(p) + 12(γ0 − 1)ηµνhµν and
T ′(p) = T (p) + γǫηµνhµν . (25)
It will soon become obvious that the factor of 12η
µνhµν serves to covariantise the equations of motion. It
is instructive to realise that these field redefinitions can be implemented by adding the local, worldsheet
reparameterisation invariant, term
1
8π
∫
ηµνhµν✷ ∆ǫ(z, z
′)
∣∣
z′=z , (26)
to the action. Equivalently, the covariant measure of Eq. (10) can be used
[
dDξ
]
cov
=
[
dDξ
√
det 12Gµν
]
. (27)
This measure has been previously considered by Andreev, Metsaev and Tseytlin18. Regulating with the
short-distance cutoff, leads to
[dDξ]cov = [d
Dξ] exp
(
− 1
8π
∫
d2z log detGµν ✷∆ǫ(z, z
′)
∣∣
z′=z
)
. (28)
By performing a weak-field expansion of this new term and employing the relation Eq. (21)
∂a
(
∂b∆ǫ(z, z
′)
∣∣
z=z′
)
= ∂a∂b∆ǫ(z, z
′)
∣∣
z=z′ + ∂b∂
′
a∆ǫ(z, z
′)
∣∣
z=z′ , (29)
all regularisation ambiguities disappear. So, either by field redefinitionsc, or by using the covariant
measure, the generating functional can be cast into the form
Z[J ] = P [σ]
(
1
V
det ′
✷
4π
)−12D {
δD(pµ)− 1
4π
∫
d2zeipX0e(−p
2+ip·Q)σ|ǫ|p2
×
[
ǫ−2e2σT (p) +✷σ(φ(p) + 12η
µνhµν) +
1
2 (∂aX
µ∂bX
ν + 2ipµ∂aσ∂bX
ν) ǫabBµν(p)
+12
(
∂aX
µ∂aX
ν + 2ipµ∂aσ∂aX
ν − pµpν(∂aσ)2
)
hµν(p)
]}
. (30)
bLater we will argue that Tab is in fact not arbitrary, but is independent of the regularisation scheme.
cin which case the tachyon and dilaton in Eq. (30) must be replaced by the redefined quantities T ′ and Φ′ given by
Eq. (25)
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Renormalisation at the linear level is trivial
TR(p) = |ǫ|p2−2T (p) and (hµνR (p), BµνR (p), φR(p)) = |ǫ|p
2
(hµν(p), Bµν(p), φ(p)) . (31)
This corresponds to a minimal subtraction scheme and can be clearly implemented by adding local
counter-terms to the action. For notational simplicity the subscripts R will be dropped in what follows.
Finally, the limit ǫ → 0 can be taken and the generating functional can be varied with respect to σ
to yield
0 =
δZ[J ]
δσ
= −P [σ]
(
1
V
det ′
✷
4π
)−12D 1
4π
eipX0e(−p
2+ip·Q)σ
{
e2σ
(
2− p2 + ip·Q
)
T
−
[
✷σ + ∂aσ∂aX
λ
0 ip
λ + (∂aσ)
2 1
2 (−p2 + ip·Q)
]
×
[
D−26
3 + (ηµν + hµν)Q
µQν − 2p2φ+R+ 2ip·Q(φ+ 12h)− 2ipµQνhµν
]
+
(
1
2ǫ
ab∂aX
µ∂bX
ν + ǫab∂aσ∂bX
µpν
)
3(−pλ + iQλ)Hλµν
+∂aX
µ
0 ∂aX
ν
0
(
Rµν − pµpνΦ+ 12 ip·Qhµν − ipµQλhλν
)
+✷Xµ0
(
ipµ(φ+ 12h)− (ipν +Qν)hµν
)}
, (32)
where h = ηµνhµν and
2Rµν = −p2hµν − pµpνh+ pλpµhνλ + pλpνhµλ ,
Hλµν =
1
3(pλBµν + pµBνλ + pνBλµ) . (33)
Identifying the coefficients of each linearly-independent term with zero yields the standard linearised field
equations (now expressed in position coordinates)
0 = (∇2 +Q·∇+ 2)T ,
0 = D−263 + (∇µΦ)2 + 2∇2Φ+R ,
0 = (∇λ +Qλ)Hλµν ,
0 = Rµν +∇µ∇νΦ , (34)
and the gauge condition
0 = ∂µ(φ+
1
2h)− (∂ν +Qν)hµν . (35)
These equations are correct to first order in λ and ∇µ is the covariant spacetime derivative.
A word can now be said about the connection of this work to the standard approach in which the beta-
functions are calculated and set to zero. In Eq. (32) the beta functions are the coefficients of the linearly
independent terms e2σ, ✷σ, ǫab∂aX
µ
0 ∂bX
ν
0 and ∂aX
µ
0 ∂aX
ν
0 . However, there are also ‘beta-functions’
corresponding to terms that would have been non-local in the original action, (∂σ)2 and ∂aσ∂bX
µ
0 . It
is not just luck that setting the standard beta-functions to zero implies that these new ‘non-local beta-
functions’ are zero too. This can be verified by writing the most general generating functional with two
derivatives and varying it with respect to σ. The ‘beta-functions’ corresponding to (∂σ)2 and ∂aσ∂bX
µ
are always derivatives of the dilaton and antisymmetric-tensor beta-functions. At the first massive level
8
this general argument no longer holds. There are operators in δZ/δσ, which correspond to non-local
terms in the original action, whose coefficients are not-necessarily derivatives of other beta-functions.
However, although the general argument breaks down, in practise, setting the beta-functions and the
gauge constraints equal to zero guarantees Weyl invariance of the theory.
2.2. Higher-order corrections to the tachyon field equation
In the final part of this section, the T 2 corrections to the generating functional of Eq. (30) will be
discussed. The path integral is easily evaluated to give a term proportional to∫
dp1T (p1)T (p2)
∫
d2z1d
2z2f1(z1)f2(z2) exp (−p1·p2∆ǫ(z1, z2)) , (36)
in which fi(zi) = exp
[
ipiX(zi) + (2− p2i )(σ(zi) + log |ǫ|)
]
and pµ1 + p
µ
2 + J
µ
0
√
V − 2Qµ = 0. Up to
derivatives on σ, the propagator can be written as
∆ǫ(z−, z+) = − log
(
4|z−|2 + ǫ2e−2σ(z+)
)
, (37)
where z± = 12(z1 ± z2). Expanding the fi around z− = 0, the integral over z− can now be performed.
Of course this expansion is only valid for small z−. It is assumed that the integral is finite because the
worldsheet is compact and that the fi are well behaved. The integral is then dominated by small z−.
An aside can now be made explaining why the simple-minded method employed in this paper is not
suited to finding all the field equations to quadratic order. The expansion of the fi and higher derivative
terms in the regulated propagator generate terms with arbitrary powers of ∂aσ and ∂aX
µ. This means
that, generically, T 2 terms will appear in every field equation. This is true for every other field too: The
equation of motion and linear constraints Ci for an arbitrary field F look like
(∇2 −M2F )F = O(λ2) and Ci(F ) = O(λ2) , (38)
to O(λ2). It would thus be impossible to calculate the infinite number of O(λ2) corrections. Instead,
with a finite number of fields F being O(λ) and the rest F¯ being O(λ2), it is assumed that the equations
(∇2 −M2F¯ )F¯ = O(F 2) and Ci(F¯ ) = O(F 2) , (39)
have a solution for F¯ . Then, to O(λ2), the only equations that need be considered are
(∇2 −M2F )F = O(F 2) and Ci(F ) = O(F 2) . (40)
The T 2 contribution to the tachyon field equation is the easiest to calculate and will be of use later
when 1-1 tachyon scattering is discussed. The contribution has no derivatives on Xµ and σ and reads
ZTT = −P [σ]
(
1
V
det ′
✷
4π
)−12D ∫
d2zeipXe(2−p
2)(σ−log |ǫ|) 1
32π
∫
dp1
T (p1)T (p− p1)
1 + p1·(p− p1) , (41)
whereXµ is still given by Eq. (17) and pµ+ℑJµ0
√
V = 0. The renormalisation condition must be modified
to read
TR(p) = |ǫ|p2−2T (p) + 1
8
∫
dp1
T (p1)T (p − p1)
1 + p1·(p − p1)
(
1− |ǫ|−2−2p1(p−p1)
)
. (42)
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Again, this can be implemented by adding local counterterms to the action. The linearised equation of
motion for the tachyon, T (p), implies that −p2 + iQ·p + 2 = 0 to first order. Thus, to this order, it is
correct to set −p21 + iQ·p1 + 2 = 0 = −(p − p1)2 + iQ·(p − p1) + 2 in denominator of Eq. (41). Weyl
invariance then gives
(∇2 +Q·∂ + 2)T − 14T 2 = 0 . (43)
3. The Massive Fields
The analogous steps that were carried out at the massless level are now performed at the first massive
level of the string. The most general action consistent with reparameterisation invariance, both on the
worldsheet and in spacetime, is gauge-fixed by eliminating all Stu¨ckelberg degrees of freedom. Field re-
definitions are employed in the path-integral to simplify the action further and to eliminate regularisation
ambiguities. Renormalisation is performed and the linearised equations of motion are calculated. These
are solved in two spacetime dimensions. A non-linear corrections to the tachyon field equation is then
derived.
3.1. The linearised field equations for the first massive level
It is well known that the first massive level of the closed bosonic string consists of a field Eµνλρ = E(µν)(λρ)
upon which the Virasoro constraints impose traceless inside pairs of indices and transversality19. These
conditions have not yet been derived using the Wilson renormalisation group method7. Recently, Bardakci
and Bernardo20 have presented an elegant procedure for deriving the field equations and constraints due
to Weyl invariance in which they retain some degree of manifest covariance. Using their formalism, all
the massive levels have been considered21, however, to date the calculations have only been performed in
a flat empty background with D 6= 26.
The most general reparameterisation invariant action with four derivatives on a curved worldsheet
has many gauge symmetries. A systematic study of these symmetries has been made by Buchbinder et.
al22. Gauge invariance in string theory has also been extensively investigated by Evans et. al23. For each
gauge symmetry there is an associated Stu¨ckelberg field. Fixing each Stu¨ckelberg field to zero fixes its
corresponding gauge. For instance, the action contains the three terms∫ √
g
(
Wµνλρ(ξ)∂aξ
µ∂bξ
ν∂cξ
λ∂dξ
ρgabgcd +Aµνλ(ξ)D
2ξµ∂aξ
ν∂bξ
λgab
+Sµνλ(ξ)Da∂bξ
µ∂cξ
ν∂dξ
λgacgbd
)
. (44)
It is evident that this is invariant under
δWµνλρ =
1
2∂(µΛν)(λρ) +
1
2∂(λΛρ)(µν) ,
δAµνλ = Λµ(νλ) ,
δSµνλ = Λν(λµ) + Λλ(νµ) , (45)
in which symmeterisation is indicated with round brackets, for example Λµ(νλ) =
1
2Λµνλ +
1
2Λµλν . In
this case, the field Sµνλ can be considered a Stu¨ckelberg field and eliminated by choosing an appropriate
Λµνλ. After a complete gauge-fixing, the remaining terms can be written
SM(ξ
µ, gab) =
∫ √
gWµνλρ(ξ)∂aξ
µ∂bξ
ν∂cξ
λ∂dξ
ρgabgcd +
√
gRWµν(ξ)∂aξ
µ∂bξ
νgab +
√
gR2W (ξ)
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+∫
W¯µνλρ(ξ)∂aξ
µ∂bξ
ν∂cξ
λ∂dξ
ρgabiǫcd +RW¯µν(ξ)∂aξ
µ∂bξ
νiǫab .
+
∫ √
gRD2ξµAµ(ξ) +
√
gD2ξµD2ξνAµν(ξ) +
√
gAµνλ(ξ)D
2ξµ∂aξ
ν∂bξ
λgab
+
∫
A¯µνλ(ξ)D
2ξµ∂aξ
ν∂bξ
λiǫab . (46)
As in the massless case, the A-type fields can be shifted away by a change of variables in the path
integral. Specifically, the analogue of the shift in Eq. (9) is
ξ′µ = ξµ −RAµ −AµνD2ξν −RAµνQν −Aµνλ∂aξν∂bξλgab − A¯µνλ∂aξν∂bξλiǫab/√g , (47)
with covariant measure being
[
dDξ
]
cov
=
[
dDξ det 1/2
(
1
2Gµν −R∇(µAν) −∇(µ (Aν)λD2ξλ)−R∇(µ (Aν)λQλ)
−∇(µ (Aν)λρ∂aξλ∂bξρ)−∇(µ (A¯ν)λρ∂aξλ∂bξρiǫab/
√
g)
)]
. (48)
The W -type fields also need to be redefined just as the dilaton φ was shifted to φ+Q·A˜ in Eq. (9).
The remaining terms in the action can be grouped together in a more compact form by using the
2-dimensional identity
ǫabǫcdgacgbd = 2g . (49)
Defining fab =
√
ggab + iǫab this identity leads to the following symmetries of a product of two fab
densities
facf bd = f bcfad and facf bdgab = 0 . (50)
Then the action at the first massive level can be written in the standard fashion
SM (ξ
µ, gab) =
∫
g−1/2
(
Eµνλρ(ξ)∂aξ
µ∂bξ
ν∂cξ
λ∂dξ
ρfacf bd +
√
gREµν(ξ)∂aξ
µ∂bξ
νfab + (
√
gR)2E(ξ)
)
,
(51)
in which
2Eµνλρ ≡ Wµλνρ +Wµρνλ + W¯µλνρ + W¯νρµλ ,
Eµν ≡ Wµν + W¯µν ,
E ≡ W , (52)
The field Eµνλρ is symmetric in pairs of indices, Eµνλρ = E(µν)(λρ), which can be seen by using Eq. (50).
The partition function at the linear level is
Z[J ] = P [σ]
(
1
V
det ′
✷
4π
)−12D {
δD(pµ)− 1
4π
∫
d2zeipXg−1/2e−
1
2p
2∆ǫ(z,z)ǫ2
×
[
Eµνλρf
acf bd
(
∂aX
µ∂bX
ν∂cX
λ∂dX
ρ + 2ipµ∂a∆∂bX
ν∂cX
λ∂dX
ρ + 2ipλ∂aX
µ∂bX
ν∂c∆∂dX
ρ
+(ηµν∂a∂
′
b∆− pµpν∂a∆∂b∆)∂cXλ∂dXρ + (ηλρ∂c∂′d∆− pλpρ∂c∆∂d∆)∂aXµ∂bXν
+4(ηµλ∂a∂
′
c∆− pµpλ∂a∆∂c∆)∂bXν∂dXρ
+2∂aX
µ(2ηνλipρ∂b∂
′
c∆∂d∆+ η
λρipν∂c∂
′
d∆∂b∆− ipνpλpρ∂b∆∂c∆∂d∆)
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+2(ηµνipλ∂a∂
′
b∆∂c∆+ 2η
µλipν∂a∂
′
c∆∂b∆− ipµpνpλ∂a∆∂b∆∂c∆)∂dXρ
+ηµνηλρ∂a∂
′
b∆∂c∂
′
d∆+ 2η
µληνρ∂a∂
′
c∆∂b∂
′
d∆
−ηµνpλpρ∂a∂′b∆∂c∆∂d∆− 4ηµλpνpρ∂a∂′c∆∂b∆∂b∆− ηλρpµpν∂c∂′d∆∂a∆∂b∆
+pµpνpλpρ∂a∆∂b∆∂c∆∂d∆
)
+
√
gREµνf
ab (∂aXµ∂bXν + ipµ∂a∆∂bXν + ipν∂aXµ∂b∆+ ηµν∂a∂′b∆− pµpν∂a∆∂b∆)
+ (
√
gR)2 E]
}
. (53)
In this equation, the spacetime fields have been scaled by ǫ2 and the shorthand notation ∂a∆ and ∂a∂
′
b∆
has been used for the expressions ∂za∆(z, z
′)|z′=z and ∂za∂z′b∆(z, z′)|z′=z respectively.
Once again it looks as if regularisation ambiguities may be a problem, because the second derivative
of the regularised propagator, given by Eq. (24), contains the arbitrary numbers γǫ and γ0 and the
symmetric traceless matrix Tab. The situation is complicated further by the terms that look generically
like ∂a∂
′
b∆∂c∆ and ∂b∂
′
b∆∂c∂
′
d∆. Recall that ∂a∂
′
b∆ is of order ǫ
−2 so that in such terms, O(ǫ2) corrections
to ∂a∆ and ∂a∂
′
b∆ must be considered. In fact, most ambiguities can be absorbed by following the same
line of thought that lead to the covariant measure of Eq. (27). Consider first the terms
[
Eµνλρf
acf bd4ηµλ∂a∂
′
c∆(∂bX
ν∂dX
ρ + ipν∂b∆∂dX
ρ + ipρ∂bX
ν∂d∆
+12η
νρ∂b∂
′
d∆− pνpρ∂b∆∂d∆
)
+
√
gREµνf
abηµν∂a∂
′
b∆
]
. (54)
By using the covariant measure
[
dDξ
]
cov
=
[
dDξ
√
det
(
1
2Gµν +REµν + 4Eµλνρf
ab(∂aXλ∂bXρ − 12Gλρ∂a∂b∆ǫ)/
√
g
)]
, (55)
and employing the Leibnitz-like relation Eq. (21), the ambiguities are removed from Eq. (54). Upon
regulating this measure as in Eq. (28), it is seen that the extra terms added to the action are both
local and worldsheet reparameterisation invariant (and thus correspond to simple field redefinitions as in
Eq. (25)).
However, there are more ambiguous terms in the partition function. These are
[
Eµνλρf
acf bd
{
ηµν∂a∂
′
b∆
(
∂cX
λ∂dX
ρ + ipλ∂c∆∂dX
ρ + ipρ∂cX
λ∂d∆
+12η
λρ∂c∂
′
d∆− pλpρ∂c∆∂d∆
)
+ (µνab)↔ (λρcd)
}]
. (56)
Since facf bd is symmetric and traceless in ab (see Eq. (50)), the ∂a∂
′
b∆ becomes simply Tab. To remove
this ambiguity, the term
gEµνλρf
acf bd
{
ηµνTab∂cX
λ∂dX
ρ + (µνab)↔ (λρcd)
}
, (57)
would have to be added to the Lagrangian. Unless Tab is zero then, this term is not a local counterterm
since it will contain ∂a∂bσ or ∂aσ∂bσ. However, one particular diffeomorphism covariant calculation
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yields a non-zero value for Tab
Tab =
1
3
(
∂a∂bσ + ∂aσ∂bσ − 12δab✷σ − 12δab(∂σ)2
)
. (58)
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Since a local counterterm to remove Tab cannot be found, we propose that its non-vanishing is independent
of the regularisation scheme used.
It is worth emphasising this point given the discussion in Refs 7 and 22 where the traceless condition
on Eµνλρ was missed. It is now clear that tracelessness would be lost if there was a reparameterisation
invariant regularisation scheme in which Tab = 0, since Eq. (56) would vanish and there are no other terms
in the partition function that depend on ηµν and ηλρ. Notice that this can be seen in a vertex-operator19
calculation too — tracelessness would come from a self-contraction of ∂Xµ∂Xν , and if the regularisation
was such that this was zero, no tracelessness condition would be found.
After performing minimal subtraction
(
EµνλρR , E
µν
R , ER
)
= |ǫ|p2+2
(
Eµνλρ, Eµν , E
)
, (59)
and taking the limit ǫ→ 0, Weyl invariance can be imposed on the partition function and the equations
of motion obtained
0 = (∇2 +Q·∇ − 2)Eµνλρ ,
0 = ηµνEµνλρ = η
λρEµνλρ ,
0 = (∇µ +Qµ)Eµνλρ = (∇λ +Qλ)Eµνλρ ,
0 = ηµλEµνλρ + Eνρ ,
0 = ηµνEµν + 4E . (60)
Evidently E′µν and E′ are just traces of Eµνλρ. Eµνλρ is transverse and traceless inside the pairs of indices
as expected.
In two spacetime dimensions, these equations can be solved to find a higher-mode version of the black-
hole. The metric ηµν = diag(ηTT , ηXX ) = diag(−1, 1) is used. The most general solution of equations of
motion is given by
Eµνλρ =
{
E+ if µ+ ν + λ+ ρ = even
E− if µ+ ν + λ+ ρ = odd
, (61)
where
E± = Ae
−
(
QX+ 2
QX+QT
)
X+
(
QT− 2
QX+QT
)
T ±Be−
(
QX+ 2
QX−QT
)
X+
(
QT+ 2
QX−QT
)
T
, (62)
in which A and B are arbitrary constants of integration. In the non-generic case of QX±QT = 0 the term
which contains the potential infinity must be dropped from the solution. Thus, for generic background
charge, the background solution of Eµνλρ is a time-dependent, two-parameter solution.
3.2. Massive-field corrections to the tachyon field equation
In a flat linear-dilaton background 0 = h′µν = B′µν = φ′, the linearised equations of motion simply consist
of the equations for the massive field Eµνλρ given by Eq. (60), the dilaton field equation Q
2 = (26−D)/3
and the tachyon equation. This section considers higher-order corrections to the tachyon field equation in
this background. It is sufficient to calculate the T 2 and TE contributions in order to make a comparison
with the proposal of DMW. The T 2 part has already been calculated in Sec. 2. There are two ways in
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which a TE term can be obtained. One comes from the covariant measure
1
16π2
∫ [
dDξ
]
exp
(
− 18π
∫
∂aξ
µ∂aξ
νηµν +
1
4πa0·(J0 − 2Q√V )
)∫
d2z1d
2z2d
Dp1d
Dp2
×ei(p1(ξ+X)(z1)+p2(ξ+X)(z2))e2σ(z1)T (p1)
×4ηµλEµνλρ(p2)fab/√g
(
∂aξ
ν(z2)∂bξ
ρ(z2)− 12ηνρ∂a∂b∆
)
(−2γǫǫ−2e2σ) , (63)
while the other is simply
1
16π2
∫ [
dDξ
]
exp
(
− 18π
∫
∂aξ
µ∂aξ
νηµν +
1
4πa0·(J0 − 2Q√V )
)∫
d2z1d
2z2d
Dp1d
Dp2
×ei(p1(ξ+X)(z1)+p2(ξ+X)(z2))e2σ(z1)−2σ(z2)T (p1)
×Eµνλρ(p2)facf bd∂aξµ(z2)∂bξν(z2)∂cξλ(z2)∂dξρ(z2) . (64)
All other terms give derivatives on σ or Xµ which will contribute to other field equations, as explained
in Sec. 2. The result of performing these Gaussian integrals is quite simple because all terms containing
derivatives on σ or Xµ can be dropped. By construction, the parts from the covariant measure exactly
cancel the regularisation dependent parts in Eq. (64), leading to a total contribution of
1
16π2
∫
d2z1d
2z2d
Dp1e
i(p1X1+p2X2)e2σ1−2σ2T (p1)Eµνλρ(p2)
pµ1p
ν
1p
λ
1p
ρ
1(∂za2∆(z1, z2))
4e−
1
2 p
2
1
∆(z1,z1)−12p22∆(z2,z2)−p1·p2∆(z1,z2) , (65)
with momentum conservation p1 + p2 + J
µ
0
√
V − 2Qµ = p1 + p2 + p = 0. In Sec. 2, the TT term was
simplified by performing the integral over z−. This integral can also be done here. Using
(4π∂′a∆(z, z
′))2 =
4|z − z′|2
(|z − z′|2 + ǫ2e−2σ)2 , (66)
which is true up to derivatives on σ, the TE term finally reads
ZTE = P [σ]
(
1
V
det ′
✷
4π
)−12D ∫
d2zeipXe(2−p
2)(σ−log |ǫ|)
× 2
π
∫
dp1
Eµνλρ(p− p1)pµ1pν1pλ1pρ1T (p1)
(3− p1(p − p1))(2 − p1(p− p1))(1 − p1(p− p1)) . (67)
After renormalisation, the denominators of Eqs. (41) and (67) can be simplified by substituting in
the mass-shell relations
(−p2 + iQp+ 2)T (p) +O(λ2) = 0 = (−p2 + iQp− 2)Eµνλρ(p) +O(λ2) . (68)
Imposing Weyl invariance and expanding the TE contribution around 2+ ipQ−p2 = 0, the field equation
is finally obtained:
(∇2 +Q·∇+ 2)T − 14T 2 + 8Eµνλρ∇µ∇ν∇λ∇ρT = 0 . (69)
This equation is valid up to O(E2) with a flat linear-dilaton background. All higher derivative terms in
the expansion of the TE term around 2+ ipQ− p2 = 0 have been left out. It will soon be explained why
these terms have no bearing on the validity of DMW’s proposal.
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4. Tachyon Scattering in the Matrix Model
As mentioned in the introduction, the double-scaling limit of the matrix model defines the nonper-
turbative physics of 2D string theory. After taking the limit, the matrix model consists of nonrelativistic,
non-interacting fermions living in an inverted harmonic potential. The ground state consists of a flat
sea filled up to the Fermi-surface which lies O(1/gstr) below the top of the potential. The tachyons
in spacetime have been found to be the bosonised fluctuations of the Fermi surface. To reproduce the
perturbative string theory results only very small bumps on top of the Fermi sea need be considered.
Tunnelling through the potential barrier and fluid washing over the wall are both non-perturbative ef-
fects. So, when working in the semi-classical limit with very small pulses, it seems safe to work with only
one side of the potential. However, DMW argued that the spacetime metric must couple to the entire
energy-momentum tensor of the theory. The Hamiltonian of the string theory is identical to that of the
matrix model (unless the potential is modified by hand from the beginning). A generic perturbation of
the Fermi fluid has total energy coming from both sides of the potential, so the metric must couple to this
total energy. Allowing excitations of both halves of the sea introduced another degree of freedom into the
model that had not yet been utilised. There were now two scalar fields — the average and the difference
of the bosonised fluctuations on each side of the barrier. Comparing with the tachyon-graviton effective
theory, they found that the tachyon, T , is the leg-pole transform of the average of the fluid fluctuations,
while the total energy of the difference variable, ∆, could be identified with the mass of the blackhole.
Specifically, after scaling T = e−2xS, the massless field S satisfied the equation of motion (see DMW
Eq. (5.4))
∂+∂−X =Me−4xOx,tS + e−2xS0S , (70)
where Ox,t is some second-order differential operator whose details are not important, S0 is the tachyon
background and x± = t±x. The first term originates from the Th term while the second comes from the
TT term. The factor of Me−4x comes from the blackhole solution to the graviton equation of motion,
hµν = Me
−4x in which M is a constant and called the ‘mass’ of the blackhole. Integrating the equation
of motion to first order in the background S0 with the boundary condition S(x, t)
t→−∞−→ Sin(x+) they
obtained
Sout(x
−) = e2x
−
∫ ∞
−∞
dx+e−x
+
∫ x−
−∞
du−eu
−
S0(u
−, x+)Sin(x+)
−12Me2x
−
∫ ∞
−∞
e−2x
+
Sin(x
+) . (71)
The first term describes tachyon scattering in the presence of the background S0 and the second is due
to scattering off the blackhole background. Mathematically the second term comes about by going by
parts with the operator Ox,t under the integrals
∫ x−
−∞ du
− ∫∞
−∞ dx
+. The matrix model predicts that the
term describing tachyon scattering off a blackhole background is proportional to∫ ∞
−∞
dτ ∆2(τ) e2x
−
∫ ∞
−∞
dx+e−2x
+
S0(x
+) , (72)
This lead DMW to conclude that the mass of the blackhole was equal to the energy contained in the
difference variable
∫∞
−∞ dτ∆
2(τ).
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Having found the effective theory describing tachyon-Eµνλρ scattering, the same steps can be followed
to find an equivalent to Eq. (71). Taking the dilaton to lie purely in the X1 = X direction means
QX = 2
√
2. DMW’s conventions (indicated by lower-case letters) differ slightly from those used in this
paper, the connection is xµ = Xµ/
√
2. The massless tachyon S is related to T by T = e−Q·X/2S = e−2xS.
Inserting this into the equation of motion for the tachyon yields the equivalent of Eq. (70)
∂+∂−S = Ox,tEµνλρO
µνλρ
x,t S +
√
2e−2xS0S . (73)
The
√
2 in front of the S0S term is arbitrary since it can be tuned by rescaling T , and the differential
operators Ox,t and O
µνλρ
x,t occur through expanding the denominators of the TE term in small 2+ipQ−p2.
Substituting the background solution for the E-field in Eq. (62) and integrating this equation with the
same boundary condition leads to
Sout(x
−) = e2x
−
∫ ∞
−∞
dx+e−x
+
∫ x−
−∞
eu
−
S0(u
−, x+)Sin(x+)
+c1Ae
2x−
∫ ∞
−∞
e−3x
+
Sin(x
+) + c2Be
3x−
∫ ∞
−∞
e−2x
+
Sin(x
+) . (74)
The numbers ci come from going by parts with the operator O
µνλρ
x,t and by applying Ox,t to the background
solution for Eµνλρ. DMW’s representation of the matrix model predicts that the terms describing tachyon
scattering off a discrete-mode background are proportional to∫ ∞
−∞
dτ∆2(τ) e(m−n)τ e(n+1)x
−
∫ ∞
−∞
dx+e−(m+1)x
+
Sin(x
+) , (75)
where m,n > 0. The m = n = 1 term is the blackhole background. By comparing this equation with
Eq. (74) it is clear that the (m,n) = (2, 1) and (m,n) = (1, 2) can be identified with the A and B terms
of the first massive level of the string. The ci (and thus the extra terms from the expansion in small
2 + ipQ− p2) just change the constants of proportionality in the identification
A ∝
∫ ∞
−∞
dτ∆2(τ)eτ and B ∝
∫ ∞
−∞
dτ∆2(τ)e−τ . (76)
Thus, DMW’s proposal has been checked to the first massive level in the string spectrum.
5. Conclusion
By imposing Weyl invariance on the generating functional of closed bosonic string theory, the lin-
earised equation of motion and constraints for the first massive level, in a flat linear-dilaton background,
have been derived. This is the first time that the correct equations have been obtained using a variant
of the Wilson renormalisation group method.
In two spacetime dimensions, these constraints were solved to find a two-parameter time-dependent
solution. One-to-one tachyon scattering in this discrete-state background was studied and the results
agree with the prediction made by Dhar, Mandal and Wadia’s13 ,14 representation of the matrix model.
It would be a thankless task to derive field equations for the higher states using the approach of this
paper. It is interesting, however, that according to DMW’s formula Eq. (75), the charges (such as M ,
A and B) at fixed n−m are related. Thus, for example, the charge of any state with n = m should be
16
proportional to the mass of the blackhole at n = 1 = m. Presumably this is a consequence of the W∞
symmetry in the string theory, but further investigation is beyond the scope of this paper.
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